We describe combinatorial techniques to determine the numbers of semisimple conjugacy classes and adjoint orbits with xed class of centralizers for simply connected nite groups of Lie type.
Introduction
For any nite group H let Irr K (H) denote the set of irreducible characters of H, de ned over the eld K. If G is a nite group of Lie type one has an explicit parametrization of the characters in Irr Q`( G ), due to fundamental work of G. Lusztig ( 20] ). Here Q`, is the algebraic closure of the`-adic rationals and`is a prime di erent from the de ning characteristic of G. If (G; G ) is a pair of dual groups such that the center of the ambient algebraic group G is connected (e.g. (SL n (q); PGL n (q))), then this parametrization can be described as follows:
Irr Q`( G ) = We will view G as xed -point group G F of a Frobenius endomorphism F on a connected reductive algebraic group G, de ned over F q . Notice that the Lie algebra LieG is de ned over F q as well. Its corresponding Frobenius endomorphism will also be denoted by F. The restriction of the adjoint action of G on LieG yields an action of G on LieG := (LieG) F . Hence we can also look at semisimple G -orbits G in LieG. We are interested in those semisimple conjugacy classes x G of G or G -orbits on LieG, which have G -conjugate 'connected algebraic stabilizers' G 0 x . Following Carter 3] , such classes are said to be of the same genus. The number of classes of given genus will be called a genus number.
Notice that in the situation of ( ), centralizers of semisimple elements are connected reductive subgroups of G (see 4] ). This implies that for semisimple elements s 1 ; s 2 Since stabilizers of semisimple elements are subgroups of G of maximal Lie rank, they can be described by 'closed subsystems' of the root system of G. This yields combinatorial interpretations of genus numbers in terms of lattices of 'stable subsystems' of . In this article we will give a survey on these connections and show, how elementary combinatorics, including polynomials over nite elds, can be used to obtain the M obius functions of stable subsystems and eventually compute genus numbers.
Semisimple classes and root systems
Combinatorial methods to describe semisimple genera and genus numbers in the group case have been applied by di erent authors (e.g. see 24] , 23] and 5]). Our presentation here will also cover the case of Lie algebras.
The group G contains, up to G conjugacy, a unique F -stable maximal torus T = F(T), which is quasisplit, i.e. contained in an F -stable Borel subgroup B. Let X := Hom(T; F q ) = Z n with n = dimT be the group of rational characters of T, X the root system of G with respect to T, + the 
in particular x = w ( x ) is w -stable. On the other hand, if 1 g LieT ( 0 ; a) = jZ( 0 ; a)j = q n?dim Fq hd j 2 0 i Fq : where n = dimLieT is the Lie rank of G. Now we make the following technical assumptions for the rest of the paper:
In case of conjugacy classes we assume that the center of the dual group G (in the sense of 3]) is connected.
In case of orbits in the Lie algebra we assume that p = char F q is not a torsion prime (in the sense of 26]).
For example GL n is self -dual and PGL n is the dual of SL n , hence GL n and SL n satisfy this assumption in case of conjugacy classes. Torsion primes are all primes dividing either jX =h ij or jTor(h i=h 1 i)j for some 1 
jO ( 
M obius functions of stable subsystems
In general the hypotheses of 3.2 are not satis ed. To evaluate (1), one has to determine the M obius functions a of (S ) a for a 2W. This can be done, using the connection between irreducible polynomials over F q and stable partition lattices, given by decomposition patterns of characteristic polynomials of matrices in Mat n (F q ). This section will give a brief outline of these arguments.
For a group H acting on the nite set M and h 2 H, let M h denote the set of h -xed points in M. For a ring R let R n denote the set of functions from n := f1; 2; : : : ng to R and let (n) denote the set of all partitions of n. Then n acts naturally on (n) and R n and for each w 2 n we call an element of (n) w a w -stable partition. We consider (n) as a lattice with Using the methods sketched in this section, all genus numbers of regular semisimple conjugacy classes for simply connected groups of classical type have been computed in 10]. In general these formulae can be rather complicated (see also 13]). However the generic formulae for the total numbers of regular semisimple classes often have a simple shape. It has been proved by Lehrer 18 ] that in case of semisimple simply connected groups, these numbers are always odd. Using methods similar to the one sketched here, the following result has been obtained in 14]:
Theorem 4.6 Let S n (q) denote SL n (q) and SU n (q 2 ) for = 
